A generalization of the Chu-Vandermonde convolution is presented and proved with the integral representation method. This identity can be transformed into another identity, which has as special cases two known identities. Another identity that is closely related to this identity is presented and proved. Some corresponding harmonic number identities are derived, which have as special cases some known harmonic number identities. For one combinatorial sum a recursion formula is derived and used to compute a few examples.
A Generalization of the Chu-Vandermonde Convolution
The following theorem is a generalization of the Chu-Vandermonde convolution. Proof. Applying the trinomial revision identity [10, 11, 13] to the summand twice, the identity simplifies to:
Using the integral representation method for combinatorial sums [4, 5] , this becomes: 
For this identity, the lower limit of the summation may be replaced by max(n−b, c) and the upper limit by min(a, n − d). The special case c = d = 0 reduces to the ChuVandermonde convolution:
and the special case d = 0 was already known in literature [8, 15] . The special case a = b = n reduces to:
The following identity replaces a binomial coefficient by its symmetry equivalent [10, 11, 13] :
Replacing a by a − p and b by b − q, and using (1.6), and then taking a = b = −1, the identity transforms to:
The special case c = d = 0 reduces to [6, 8, 17] :
and the special case p = q = 0 reduces to [8, 10, 11, 16] :
Another theorem that is closely related to theorem 1.1 is the following.
Proof. Applying the trinomial revision identity [10, 11, 13] to the summand twice, the identity simplifies to:
Using the integral representation method for combinatorial sums [4, 5] , this becomes:
For this identity, the lower limit of the summation may be replaced by max(c, d − m) and the upper limit by min(a, b − m). The special case c = d = 0 reduces to [8, 15] :
The special case m = 0 and a = b = n reduces to:
The special cases c = d = 0, c = 1, d = 0 and c = d = 1 of this formula are well known [8] .
Harmonic Number Identities
The definition of the generalized harmonic numbers with nonnegative integer n, complex order m and complex offset c, is [12, 14] :
from which follows that H 
The classical harmonic numbers are:
Using d/dxΓ(x) = Γ(x)ψ(x) where ψ(x) is the digamma function, and using ψ(x + n + 1) − ψ(x + 1) = H (1) x,n [1] , these harmonic numbers are linked to binomial coefficients:
d dx
For the generalized harmonic numbers (2.1):
When differentiating finite summation terms, care must be taken that the differentiated symbol is not present in the summation limits. Because the argument of a classical harmonic number cannot be negative, these harmonic numbers impose constraints on the parameters. When there are additional constraints on the parameters they are mentioned. Differentiating (1.1) to a, the following identity for a ≥ n results:
Differentiating to b, the following identity for b ≥ n results:
Replacing k by n − k and interchanging a with b and c with d, these two identities are equivalent. Differentiating to a and b, the following identity for a ≥ n and b ≥ n results:
The special case a = b = n and c = d = 0 reduces to the known identities [2, 3, 8, 14, 17] :
Differentiating (1.1) to c, the following identity for b ≤ n results:
Differentiating to d, the following identity for a ≤ n results:
Replacing k by n − k and interchanging a with b and c with d, these two identities are equivalent. Differentiating to c and d, the following identity for a ≤ n and b ≤ n results:
(2.14)
In (1.1) replacing k by c + k and n by n + c, and differentiating to c, the following identity for a − c ≥ n results:
Replacing n with n + d and differentiating to d, the following identity for b − d ≥ n results:
Replacing k by n − k and interchanging a with b and c with d, these two identities are equivalent. Differentiating to c and d, the following identity for a − c ≥ n and
Differentiating (1.7) to p, the following identity results:
The special case p = q = 0 is found in [16] , and the special case c = d = 0 is found in [17] . Differentiating to q, the following identity results:
Replacing k by n − k and interchanging p with q and c with d, these two identities are equivalent. Differentiating to p and q the following identity results:
The special case p = q = 0 is found in [16] , and the special case c = d = 0 is found in [17] . In (1.7) replacing k by c + k and n by n + c, and differentiating to c, the following identity results:
Differentiating to b, the following identity for b ≥ a + m results:
Differentiating to c, the following identity for d ≥ m results:
Differentiating to d, the following identity with m = d results:
Differentiating to a and c, the following identity for a ≥ b − m and d ≥ m results:
Differentiating to a and d, the following identity for a ≥ b − d and m = d results: 
(2.31)
A Recursion Formula for a Combinatorial Sum
Using a recursion formula, a rational function P m (n) is found such that: is the Stirling number of the first kind [10] . Then it is clear that P m (n) has the following recursion formula:
The following are a few examples: 
